Introduction
The problem of convergence of a doubly indexed sequence presents some interesting phenomena related to the order of taking iterated limits as well as subsequences where one index is a function of the other. Convergence of a double sequence in the sense of Pringsheim is a strong enough condition to allow us to characterize the behavior of the iterated limits as well as the limits of ordinary sequences induced by collapsing the two indices into one according to a suitable functional dependence (e.g. re-index 2 ). We will show that an unconditional converse establishing convergence in the Pringsheim sense from properties of the iterated limits is not obtainable.
We can easily extend the notion of Pringsheim convergence of numerical sequences to pointwise convergence in the Pringsheim sense for functions. Our main goal is to investigate the doubly indexed sequence of real func- . In addition to establishing a theorem on Pringsheim convergence which is useful in its own right, we will be able to conclude that ( ) { } mn f x does not converge pointwise in this sense.
Moreover, it will be shown that there are irrational numbers for which the ordinary sequence ( ) { } 2 cos π ! m m x does not converge to zero.
Background
The German mathematician Alfred Pringsheim formulated the following definition of convergence for double sequences in 1897 [1] . ?? 
Observing that the iterated limits exist and are equal to zero, but the double limit in the Pringsheim sense does not even exist, since for any A more optimistic case is this: , we have ( )
Main Theorem
everywhere discontinuous, and a fanciful image of its "graph" has given rise to the name "salt-and-pepper" function. It is often used as an example of a function that is Lebesgue integrable but not Riemann integrable (although integrable in the generalized Riemann sense).
Dirichlet's function turns out to be an example of a Baire class 2 function. Recall that Baire class 0 consists of functions that are continuous. Baire class 1 functions are pointwise limits of sequences of Baire class 0 functions.
In general, a Baire class α function is the pointwise limit of a sequence of functions from the union of all Baire classes with indices less than α , where the class index is allowed to range over the countable ordinals.
The fact that the Dirichlet function cannot be expressed as the limit of a sequence of continuous functions will play a key role in establishing our claim that 
Baire's Category Theorem (BCT)
René-Louis Baire proved the seminal theorem that bears his name in 1899 as part of his doctoral dissertation [4] . He introduced the famously bland terminology Category 1 for meager sets and Category 2 for non-meager sets.
Recall that a meager set is a countable union of nowhere-dense sets, which in turn are sets whose closures have void interiors. Non-meager sets are all the others. BCT states (in one formulation) that complete metric spaces must be non-meager. We use this fact in the following: does not exist.  Theorems 2 and 3 allow us to conclude that "curious cosines" exist. These have the property that they form a numerical sequence where each term is absolutely less than one and the successive terms are raised to arbitrarily high powers, but they nevertheless avoid converging to zero. The apparently intimate coördination between the arguments of the cosines and the powers to which they are raised prevents this. 
Postscript
The subject of Pringsheim convergence seems to have been neglected over the years. Only recently has the subject of Pringsheim convergence of series been revived [6] , with new results paralleling the single index theory and correcting previous errant results.
